SMOOTH RATIONAL SURFACES OF d =11 AND tt =8 IN P^. 



ABDUL MOEED MOHAMMAD 

Abstract. We construct a linearly normal smooth rational surface S of degree 11 and sectional genus 
8 in the projective fivespace. Surfaces satisfying these numerical invariants are special, in the sense 
that h^{ff > 0. Our construction is done via linear systems and we describe the configuration 
of points blown up in the projective plane. We also present a short list, generated by the adjunction 
mapping, of linear systems whom are the only possibilities for other families of surfaces with the 
prescribed numerical invariants. 
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1. Introduction 

A result due to Arrondo, Sols and Pedreira |AS92| states that there are only finitely many families 
of non-general smooth surfaces in (G(l,3). Since the Pliicker embedding embeds G(l,3) as a smooth 
quadric into P (A^V^) ~ P^, it follows that there are finitely many non-general smooth surfaces contained 
within a smooth quadric in P^. The latter idea led Papantonopoulou, Verra, Arrondo, Sols, and Gross 
to classify smooth non-general surfaces of degree < 10 contained within smooth quadrics in P^. For a 
complete classification, see [AS92^ for degree < 9 and |Gro93| for degree 10. 

A continuation of this classification is to study smooth non-general surfaces of degree 11 in P^. As 
such, this paper is a study of smooth rational surfaces of degree 11 in P^. In particular, we are only 
interested in special surfaces S i.e., surfaces with h^{(?s{^)) > 0, such that a simple application of 
Riemann-Roch yields that the sectional genus must be > 8. On the other hand, another application 
of Riemann-Roch tells us that if the sectional genus > 8, then the hyperplane intersection lies on a 
quadric. Therefore, we study smooth rational surfaces of degree 11 with sectional genus 8 in this paper. 

Our point of view is the study of complete linear systems. The complete linear systems are generated 
by some results on the adjunction mapping, due to Sommese and Van de Ven |SV87| . The study is 
based on describing the geometry of the points blown up in P^ to obtain the surface is question, similar 
to the classification of smooth surfaces in P^ done by Catanese and Hulek [CH97) . and Popescu and 
Ranestad |PR96| . 

Our main result is the following: 
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Theorem 1. There exists at least one family of linearly normal smooth rational surfaces in with 
degree 11 and sectional genus 8. The family of surfaces is isomorphic to blown up in 17 points and 
the embedding complete linear system is 

\7L - 2Ei - . . . - 2Er - Es ~ . . . ~ Eu\ 

where L is the pullback of a line in P^ and Ei are the exceptional curves of the blowup. Conversely, 
every linearly normal smooth rational surface in P"'^ with degree 11 and sectional genus 8 has 

-10 <Kl<-7 

and is one of the following embedding complete linear systems 



(!)■ 


\7L~ 


2Ei 




2E7 - 






El7\ 








(2). 


\9L- 


SEi 




3Ee- 


- 2Ej - 
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-Eg-. 


■ ■ - Eie\, 






(3). 


|4B + 


(4- 


2e)F- 


- 2Ei 


-E-2- 




- Eisl, 




where 


e<2 


(4)- 


45 + 


(5- 


2e)F - 


- 2Ei 




2Ei 


-E,-. 


.-E,j\, 


where 


e < 3 


(5). 


4E-f- 


(6- 


2e)F - 


- 2Ei 




2Er 


-Es-. 


■ - Eiel, 


where 


e < 5 



where B is a section with self-intersection = e on Fg, F is a ruling on Fg, L is the pullback of 
a line in P^ and Ei are the exceptional curves of the blowup. 

In Section [2] we prove the existence of a smooth rational surface in P^ with the prescribed numerical 
invariants. The reader may refer to the proof of Theorem [7] for the details of the special configuration 
of the points blown up in P^. In |AS92| . appendix to section 4, Arrondo and Sols outline an uncomplete 
example of this surface without details. Our construction verifies their conjecture that there exists a 
quartic and sextic passing through the points blown up. Beside the construction of (1) in Theorem [1] 
H.Abo and K.Ranestad (unpublished) have used Macaulay2 to show that case (2) of Theorem [T] is in 
the linkage class of a singular quadric surface and two smooth cubic surfaces in P^. 

In Section [3] we give two examples of complete linear systems whom cannot be both very ample and 
have six global sections simultaneously, by lifting sections of curves on the surface to global sections on 
the surface. In Section [4] we generate a finite list of complete linear systems satisfying the numerical 
invariants of the surfaces in question. Then we shorten the list to the five complete linear systems 
depicted in Theorem[T]by making use of a result on curves of low degree, due to Catanese and Franciosi, 
and the lifting examples in Section 3. 



2. A CONSTRUCTION 

Let S" be a smooth rational surface. Given a line bundle ^ on S, it is in general difficult to decide 
whether ^ is very ample or not. There is however a versatile result, due to Alexander and Bauer, 
which provides us with sufficient conditions for ^ to be very ample. The idea behind Alexander and 
Bauer's result is that if ^ restricts to a very ample line bundle on a suitable family of curves on S then 
^ is itself very ample on S*, given some minor assumptions. This allows us to answer the question of 
^ being very ample on S by answering the question of ^ being very ample on some curves on S. We 
state their precise result. 

Lemma 2 (Alexander-Bauer). An effective line bundle ffs{H) ~ i^s(^i) (8^5(^2) on a smooth surface 
S is very ample, if each one of the following is true: 

(1) . h°[ffs{Ai))>2, for some i. 

(2) . &AiH) is very ample, for all A€ |^i| U |^2|- 

(3) . H\&s{H)) — > H°{&a{H)) is surjective, for all Ae\Ai\\J jvlai- 

Proof See Proposition 5.1 in |CF93j . □ 
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The Alexander-Bauer lemma does not give any information on how to determine if ^ restricts to a 
very ample line bundle on curves. Recall that it follows from Riemann-Roch that ^ is a very ample 
line bundle on an irreducible curve C if deg(^ Gc) ^ 2pa(C') + 1- Catanese, Franciosi, Hulek and 
Reid have generalized the latter into a result which is true for both irreducible and reducible curves. 
The part of their result which we will be using is the following. 

Theorem 3 (Curve embedding). Let A and H be effective divisors on a smooth surface S. Then 
Ga{H) is very ample whenever H.A' > 2pa{A') + 1, for every suhcurve A' C A. 

Proof See Theorem 1.1 in }CFHR99j . □ 

Let H he a. very ample divisor on a smooth surface S. Recall that the degree of every curve C on S' 
is H.C > 0. Catanese and Franciosi have improved the lower bound of H.C when C is a curve of small 
arithmetic genus. We state their result. 

Proposition 4. Suppose H is a very ample divisor on a smooth surface S . Then every curve C on S 
with arithmetic genus Pa{C) < 2 has degree H.C > 2pa{C) + 1. In particular, if the degree H.C < 3 
then the arithmetic genus pa{C) < 1. 

Proof See Proposition 5.2 in |CF93j . □ 

Due to the usefulness of the decomposition Gg{H) ~ i)'g{Ai) ^3(^2) in the Alexander-Bauer 
lemma, we make the following definition. 

Definition 5. Let H be an effective divisor on a smooth surface S. We say that H = Ai + A2 is a. 
nice decomposition if Ai and A2 are both effective divisors on S such that Ai is non-special on 5, i.e. 
h^i^si^i)) — 0, and the intersection product H.A2 = 2pa{A2) — 2. 

We make the following observation about nice decompositions. 

Lemma 6. Let H = A+B be a nice decomposition of H on a smooth .surface S . Suppose the intersection 
product H.A — 2pa{A) — 2 and the divisor [B — Ks)\a 'is effective on A. Then £^a{H) — ^A- 

Proof. The adjunction formula tells us that lua — Ga{A + Ks), so it suffices to show that ^?a{B~Ks) — 
G A- Combining H.A = 2pa{A) — 2 with the adjunction formula we get A.{B — Ks) — 0. Since 
^AiB-Ks) is effective on A, we obtain Ga ^ Ga{B-Ks), or equivalently ^AiH) ~ ^AiA + Ks). □ 

We are now ready to construct a smooth rational surface with the prescribed numerical invariants. 
Furthermore, this construction will prove the statement about existence in Theorem [TJ 

Theorem 7. It is possible to choose points xi, . . . ,X5,yi,y2, zi, . . . , ziq G such that the divisor class 

5 2 10 

H = 7L-Y,'^E,-J2'2F^-J2^- 

ii — 1 — 1 is— 1 

is very ample on S and \H\ embeds S as a rational surface of degree 11 and sectional genus 8 in ¥^ , 
.such that 

tt:S — 

denotes the morphism obtained by blowing up the points Xi, . . . ,X5,yi,y2, Zi, . . . , Ziq, Ei — T:^^{xi), 
Fi — Tr^^{yi), Gi = T^^^{yi) and L — Tr*l where Z C is a line. 

Proof. We begin by choosing xi, . . . , 0:5 g P^ in general position, such that 

(01) . No two points infinitely near. 

(02) . No three points Xi are collinear. 
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Note that the open conditions 01 and 02 are satisfied for a generai choice of five points in P^. Let 
TTi : Si — > denote the morphism obtained by blowing xi, . . . ,X5 and denote Ei = TTi^(xi). On the 
rational surface we study the complete linear systems associated to the following two divisor classes 

-2Ks, = &L~2Ei- ...~2Er, 

L-Ks, = 4L-Ei~...~Er,. 

Since (Si, —Ksj) is a quartic Del Pezzo surface, the anti-canonical divisor —Ks-^ is very ample on 5*1. 
In particular, this means that —2Ks-^ is very ample by using the Segre embedding and recalling that 
^pjvi xpiV2 (1) ~ p^^pivi(l) (i) p*2&pN2{l), where pi : P^i x P^^ — >, pw, jg projection map. 

Furthermore, since \L\ is base-point free it follows that L — Ksi is very ample by another use of the 
Segre embedding. So —2Ksi and L — Ks\ are very ample on Si. By Bertini's theorem. Theorem 20.2 
in |BPV84] . a general choice of curves in | — 2A'5j and \L — KsA are both irreducible and smooth. 

Next we choose the points yi,y2, zi, . . . , ziq G P^ such that the complete linear systems 

on satisfy the following closed condition 

(CI). There exists a pair {Di,D2) G Ai x A2 such that Di and D2 share common tangent 

directions y'l and ^2 at the points yi and and that Di n D2 = + J/i + Hi + -^i- 

and if 7r2 : S — > Si denotes the morphism obtained by blowing up yi,y2, zi, . . . , zio, where Fi — 7^2 ^(yi) 
and Gi = TT2^{zi), then the following open conditions are satisfied. 

(03) . \L - ^« - I = for |/| > 2 and for aU j. 

(04) . \2L~Ei-...-E5-Fj\=IJ), for all j. 

(05) . \6L ^ 2Ei - . . .2E5 - 2Fi - 2F2 - Gi - . . . - Gio\ = 0. 

(06) . \6L -2Ei- ...2E5- 3Fj - Fs^j - d - ... - Gio| = 0, for all j. 

Note that if the linear systems in 03 or 04 are non-empty, then there exists a curve C on the surface 
S such that H.C < 0. If the linear system in 05 is non-empty, then there exists a curve on the surface 
S satisfying Pa{C) — 2 and H.C = 2pa[C). Then Proposition 0] would imply that H could not be very 
ample. Now, we show that the closed condition CI is a non-empty condition. 

Start off by choosing a smooth and irreducible curve Ai G | — 2Ks^ \ , recall that this is possible due to 
Bertini's theorem, and consider the incidence K C Ai x Ai x \L — Ks^], given by 

A = {(t/i, 2/2, Bi) I yi, y2 G Ai n -Bi, Ai and Bi share common tangent directions at yi and t/2} ■ 

Now, choose a triple {yi,y2, Bi) G A such that Bi is smooth and irreducible on ^i. Recall that this is 
possible due to Bertini's theorem. Since |i?|Ail is base-point free, it follows that the curve Bi is smooth 
at each closed point in the zero-dimensional scheme AiCl Bi. So we may set 

where {zi} are remaining points on the intersection of Ai and Bi. Furthermore, there are = 
6-4 — 2-5 — 4 = 10 number of distinct points in {zi}. Now we blow up the points yi,y2, zi, . . . Z2 G Si 
to obtain a morphism 7r2 : S — > Si, such that we may define n = tti o 112 : S — > P^. Denote 

A = 6L-2E1-...-2E5-F1-F2-G1-...-G1Q 
B = 4L — El — ... — E5 — Fi ~ F2 ~ Gi — ... — Gio 
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as the divisor classes of the strict transforms of Ai and Bi on S, respectively. Then the sublinear 
systems |7r(A)| C Ai and |vr(i?)| C A2 are both non-empty in P^, which in turn yields that Ai, A2 ^ 0. 
Due to our construction, the curves 7r(A) and 7r(_B) both share common tangent directions and two 
points and the points xi, . . . , 0:5, j/i, ?/2, -zi, • ■ • , -zio lie on the complete intersection between Tr{A) and 
7r(_B). Therefore, the closed condition CI is non-empty. 

On the surface S, we study the curves A and the following two divisor classes: 

C = L-F1-F2 
H:=A + C = 7L^2Ei~ ...-2E5 -2F1-2F2-G1 - ... -Gio. 

Lemma 8. ^a{H) ~ uja 

Proof. Note that, by construction, AnB = y[+y2 on the surface S. Since tangent directions y'i,y2 
at the points yi,2/2 G S corresponds to points on the exceptional divisors Fi,F2 C S, we have = 
{Fi + F2)\A- Moreover, since A.{B — Fi~ F2) = and B\a is effective by construction. Lemma [6] yields 
that ffA{B-Fi-F2) ~ 6'a. On the other hand, {C-Ks)\a = {B-Fi-F2)\a such that ffA{C~Ks) ^ 
^a{B - Fi- F2). Twisting the latter sheaves by &a{A + Ks), we obtain ^a{H) ~ + Ks) such 

that the adjunction formula implies that (?a{H) ~ uja- D 

We are ready to show that ffs{H) admits six global sections on the surface S. 

Lemma 9. h°{ffs{H)) = 6. 

Proof. Consider the following short exact sequence 

ffs{C) &s{H) ffA{H) 0. 

Here, H^{ffs{C)) since C is a (-l)-curve on the surface S. Then h^{ffs{H)) = h^{uJA) = 1, due to 
LemmalH combined with x{^s{H)) = 5 implies that h°{ffs{H)) =6. □ 

To finish the proof it remains to show that H is very ample on S. We show this by applying the 
Alexander-Bauer lemma and the curve embedding theorem to the decomposition H = A + C . This 
requires us to determine the dimension of the complete linear system \A\. 

Lemma 10. h°{ffs{A)) = 2. 

Proof. It is suffices to show that h^{ff si^)) — 1 since x{^s{A)) = 1. We take cohomology of the short 
exact sequence 

&s{Ks -A)^ ffsiKs) ^AiKs) 
and note that the cohomology groups s{Ks)) vanish whenever < i < 1, due to the rationality 
of S. Therefore, h'^{ffA{Ks)) — h^{i?s{Ks — A)). Combining Lemma|S]and the adjunction formula, 
we have that Ks\a = C\a- On the other hand, Serre duality yields that = h^{ffs{Ks - A)). 

Thus h^{ffs{j^)) h"{ffA{C)). Now, consider the cohomology of 

6s(.C -A)^ ^s{C) — > ^a{C) 0. 

We claim that the cohomology groups H^{(?s{C ~ A)) = 0, for < i < 1. To see this, note that 

Ks-C + A = 2L-E1-...-E5+F1+F2 

is effective and non-special on S such that H'^{(?s{C — A)) = 0, for < « < 1, by Serre duality. 
Therefore, h^{ffs{C)) = h°{^A{C)). Since C is a non-special curve on S it follows that x(^s(C)) = 
h°{ffA{C)) = 1. Hence h^i^siA)) = 1. □ 

Next we show that every assumption in the Alexander- Bauer lemma, except the very ampleness of 

is satisfied. Then we proceed to show that H^a is very ample by using the Curve embedding theorem. 
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Lemma 11. The complete linear system \H\ restricts to a very ample linear system on C and the 
restriction maps H"{&s{H)) — > H°{&ciH)) and H°{&s{H)) — > H"{&a{H)) are surjective, for all 
Ae\A\. 

Proof. The first assertion is true since H.C > 2pa{C) + 1 and dim |C| ~ 0. For the second assertion, 
consider the short exact sequences 

esiC) ffs{H) &a{H) 

— ^ ffs{.A) ffs{.H) ffc{H) — > 

Since C is a non-special curve on S, it follows from the first short exact sequence that H^{(?s{H)) — > 
H°{ffA{H)) is surjective, for all A G \A\. For the map a : H°{&s{H)) — > H°{ffc{H)), the exactness 
of the second short exact sequence and Lemma fTOl we get dimker(a) = h'^{^s{A)) — 2. Recalling 
Lemma ini this means that rank(a) — 4. On the other hand, h^{ffc{H)) = x{^c{H)) ~ 4 since 
H.C > 2pa{C) - 2. Thus a is surjective. □ 

To show that 6'a{H) is very ample, for all A S we partition \A\ into the following two families of 
curves on S and consider each family separately. 



^Good = {D e \A\ : Every A' < D satisfies A' .Fj < 1, for all j}. 

■s^Bad = {D e \A\ : Some A' < D satisfies A' .Fj > 1, for some j}. 

Lemma 12. (?p^{H), ffA-FjiH) and ^{A-Fj)r\A{H) are very ample, for all 1 < j < 2. 

Proof. Note that {H) is very ample since H.Fj > 2pa{Fj) + 1. Next, we claim that the ^a-f (H) ~ 
UJA-Fj ■ Taking cohomology of the short exact sequence 

es{C + Fj) ffs{H) ffA^F,{H) 

we note that C + Fj is a non-special curve on S*, such that h^{(?A-F {H)) = h^{ff s{H)) = 1 due to 
LemmaHl Combining the latter with H.{A—Fj) — 2pa{A—Fj)—2 we conclude that ^A-Fj (H) ~ <^A-Fj ■ 
Then the adjunction formula yields that 

ffA^F, (H) ~ 0A-F, {A - Fj + Ks) 0A-F, {iL-Ei- ...~E^~F,). 

Now, let D be any subcurve of the curve A~ Fj + Ks such that H.D < 2pa{D). Then we may write 

D = aL- biEi - ... - 65^:5 - cFj, 

where < a < 3. If a < 2, then we have H.D < 0. This occurs if and only if at least three of 
Ei^ . . . ,E^,Fj are collinear or there exists a conic passing through Ei, . . . , Eq, Fj, or equivalently if 
and only if the open conditions 03 or 04 are not satisfied, respectively. So a = 3. Then there are 
two cases for the arithmetic genus, namely < Pa{D) < 1. li Pa{D) = 1, then H.D < 2 implies that 
+ c > 9 which implies that Pa{D) < 1. If Pa{D) — 0, then D meets exactly one of the exceptional 
curves Ei, . . . , E^, Fj twice such that H.D = 4 which is greater then pa{D). Thus, there are no such 
subcurves D oi A — Fj ~ Ks and so the Curve embedding theorem yields that 0'A-Fj [H] is very ample. 
Next, we show that \H\ embeds the intersection of {A — Fj) and Fj. Note that (Ph{H) spans a P'^ and 
ipniFj) spans a P^. So Span{(/3//(Ao - Fj)U ipH{Fj)} = implies that (Ph{Aq — Fj) n (pniFj) spans 
a line. The line meets the conic LpH{Fj) is exactly two points, who are exactly the images of points in 
{A ~ Fj) n Fj due to {A ~ Fj).Fj =2. □ 

Lemma 13. ^a{H) is very ample, for all A e s^Bad- 
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Proof. Let A G £S^Bad- It is clear that A is reducible since there exists a A' subcurve of A such that 
A'.i^, > 1, for some j, while A.Fj = 1 for all j. Then we may decompose 

A= {A- nFi - mF2) + nFi + mF2, 

for some n,m G Z>o such that n + m > 1. In fact, the open condition 06 implies that n,m ^ 2 which 
combined with the open condition 05 implies that n + m ^ 2. Moreover, if n + m > 3 then the inclusion 
map i/°(^s(^o - nFx - mF^)) ^ H^{Gs{Aq - 2Fj)), for some j, yields that n + m^l such that 

A EE {A-F,) + F,. 

Now, recall that Lemma [T2] implies that \H\ indeed embeds {A — Fj), Fj and {A — Fj) D Fj. □ 
Lemma 14. (?a{H) is very ample, for all A g s^oood- 

Proof. Let A' be a subcurve of some A G ^cood- We claim that the blow-up morphism 7r2 : S — > Si de- 
fines an isomorphism A' ~ 7r2(A'). This is clearly the case for every point in the set S\{yi, 2/2, 2i, • ■ • , -^lo}- 
Now, without loss of generality we may assume that A' is irreducible in which case A' .Fi < 1 and 
A'.Gj < 1, for all Note that if A'.F^ < 1 (resp. A'.Gj < 1), then A' does not meet Fi (resp. Gj). 
So it suffices to show the isomorphism when A' is restricted to exceptional divisors {Fi} (resp. {Gj}) 
whom satisfy A' .Fi = 1 (resp. A'.Gj = 1). In the latter case it is straightforward to see that tt2 and 
712^ are inverses of each other, such that we get A ~ 7r(A). On the other hand, since it{A) + Ks^ does 
not meet the points j/i, 2/2, 2:1, . . . , zio, it follows that the strict transform A -\- Ks of ■k{A) + Ks^ under 
7r2 and the proper transform 7r|(7r(A) + Ks-^) oi A + Ks are linearly equivalent. In other words, 

lT*20.,(A){-Ks,)^eA{H) 

since 'n{A)2 = ~2Ksi and since ffA{H) ~ ^a{A + Ks) due to Lemma [H Therefore, ^aIH) is very 
ample whenever ff^2Ks^{~Ksi) is very ample. Now, consider the short exact sequence 

^s^{KsJ ^sA-KsJ ff.2Ks,{-Ks,) 0. 

Taking cohomology and noting that H'-{ ffsi {Ksi)) vanishes, for < i < 1, we get that H^{ ffsi (— ^sj) — 
H^{ff-2Ksi{~Ks-i)) such that ff-2Ks-^{~Ksi) is very ample if and only if ^5j(— i^sj is very ample. 
Now, recall that ffsA—Ks^) is indeed very ample since (S'l, — i^sj is a quartic Del Pezzo surface. □ 

This concludes the proof of Theorem [7l □ 



3. Lifting examples 

We present give two examples of linear systems \H\ who cannot be both special and very ample on 
a surface with the prescribed numerical invariants. These examples will be used to rule out possible 
adjunction maps in the classification done in Theorem 1251 

The idea behind the examples is to search for nice decompositions, H = Ai + A2, such that a divisor 
C on S* restricts to the zero divisor on one of the components Ai, and the section of ^^^(C) lifts to a 
section of (?s{C). This in turn yields open conditions on the points blown up to obtain the surface, 
contradicting the very ampleness of H . 

Proposition 15. Let S be a smooth rational surface with Kg -1-6 = 0. Let tt : S — > denote 
the morphism obtained by blowing up the points xi, . . . ,xi5 G P^. Furthermore, let Ei — ir^^^Xi) and 
L = Tr*l, where I CP'^ is a line. Suppose the divisor class 

8 15 

H = 10L- AEi ~^3E,~ 2Eg ~ ^ E-j 

i=2 j=10 

has h^{i?s{H)) = 6. Then H is not very ample on S. 
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Proof. To begin with, note that the foUowing condition is a necessity for H being very ample. 

(01). \6L - 2Ei ~ . . . - 2Es - Eg - . . . - Ei^l = $. 

If there were a curve C in the complete linear system depicted in 01, then the curve C would have 
arithmetic genus Pa{C) = 2 and degree H.C = 2 which would imply that H is not very ample, by 
Proposition m The idea now is to show that the condition 01 is false, whenever h'^{^s{H)) = 6. To 
do this, we study the decomposition H = A + B, where 

A = TL — 3Ei — 2£/2 — • • ■ — 2i?9 — Eiq — ... — £^15 
B = 3-L — El — ... — Eq . 

Lemma 16. The decomposition H = A + B is nice. 

Proof. Clearly \B\ is non-empty, but there is a priori no reason to believe that |^| is non-empty since 
x{^s{A)) = 0. However, consider the short exact sequence 

Since H.B > 2pa{B) - 2, it follows that h^{ffB{H)) = 0. The assumption that h^{ffs{H)) = 
6 implies that h'^{^s{H)) = 1. Then the surjectivity of H^{&s{A)) — y H^[es{H)) yields that 
h^{ffs{A)) > h^{&s{H)) = 1 and the rationality of S tells us that K^l.ffsiA)) = 0. Therefore 
hP{i)'s{A)) = h^{ffs{A)) > li i-e. |^| is a non-empty complete linear system on S. Furthermore, 
note that H.A = 2pa{A) - 2 and note that B"^ > 2pa{B) - 2 gives us h^{0's{B)) = 0. So, the decom- 
position H = A + B \s indeed a nice decomposition. □ 

Lemma 17. 0a{B ~ Ks) 0a 

Proof. Taking cohomology of the short exact sequence 

0s{B) 0siH) ~y ffA{H) 

we get that h^{ffs{H)) = h^{ffA{H)) = 1 since hP{0s{H)) = 6 and B is non-special on S. Using 
Serre duality we have h^{6'A{H)) = h'^{0'A{KA — H)) = 1. Then the adjunction formula tells us 
that Ka = iA + Ks)\A, such that hP{0A{B - Ks)) = 1. Now, Lemma H yields that iffA{H) ~ wa- 
Another use of the adjunction formula yields that ^AiH) ~ 0a{A + Ks). Twisting the former with 
0a{-A - Ks) we obtain ^s(S - Ks) ~ ffsi^L - 2Ei - . . . - 2Es - Eg - . . . E15) ~ 0a- □ 

We proceed by showing that it is possible to lift the non-zero global section of {B — Ks)\a to the surface 
S, and thus showing that \B — Ks\ is a non-empty complete linear system on S. 

Lemma 18. The divisor B — Ks is an effective divisor on S . 

Proof. In light of Lemma [17] we have the short exact sequence 

0siB - Ks ~A)^ 0s{B - Ks) ^ 0a ^ 0- 

Note that h°{0s{B - Ks - A)) = 0. We claim that B - Ks - A = -L + Ei + Eg is non-special on S, 
i.e. h^{0s{—L + El + Eg)) = 0. To see this, we look at the short exact sequence 

0s{-L + Ei+ Eg) -^0s^ 0L-E,-E, 0. 

Since h°{0s) = 1 and h^{0s) = 0, due to the rationality of 5, the possibility h^{0s{-L + Ei+ Eg)) > 
occurs if and only if h°{0L-Ei-Eg) > 1- But the latter is false, since h^{0L-Ei-Eg) — 1- So 
h}{0s{—L + Ei+ Eg)) = 0. Then the second last short exact sequence implies that hP{0s{B — Ks)) = 
h°{0A) = 1- □ 
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Lemma ITSl implies that the open condition 01 is false. Hence H is not a very ample divisor on the 
surface S. This proves Proposition [151 D 

Proposition 19. Let S be a smooth rational surface with Kg + 10 = 0. Let tt : S — > denote the 
morphism obtained by blowing up the points xi,X2,yi ■ ■ ■ ,yi7 € P^. Furthermore, let = T7~^{xi), 
Fi — Tr^^{yi) and L = Tr*l, where I cf"^ is a line. Suppose the divisor class 

2 17 

H = 6L-^2E,-Y^ F, 

1=1 1=1 

has h^{i^s{H)) = 6. Then H is not very ample on S. 

Proof. To begin with, note that the following conditions are necessities for H being very ample. 

(01) . \L-J:^^jE,^J:^^jF,\^9, where 2|/| + I J| > 6. 

(02) . |2L-E»e/^»-Ejej^jl =0> where 2|/| + |J| > 12. 

(03) . \4:L~Ei~E2-Fi- ...-Fn\=(I). 

If the conditions 01 and 02 were false then a curve in either of the complete linear systems would 
intersect non-positive with H, implying that H would be not very ample. If the complete linear system 
in 03 was non-empty, then that would imply the existence of a curve C on the surface S with arithmetic 
genus Pa{C) — 3 and degree H.C = 3. Then H could not be very ample, due to Proposition |4l The 
idea now is to show that if h^{ff s{H)) = 6, then at least one of the open conditions above is false. To 
do so, we study the decompositions Fl = Aij + Bij, where 1 < « < 2, 1 < j < 17 and 

A,j EE 5L-2Ei-2E2-Fi-...- Fu + E, + Fj 
Bij = L — Ei — Fj. 

Note that the decompositions H = Aij + Bij are all nice decompositions due to Riemann-Roch, Bfj > 
2pa{Bij) - 2 and that H.Ai^ = 2pa{A^j) - 2. 

Lemma 20. 0A,j{Btj - Ks) ~ Ga,, for all i,j. 

Proof. Taking cohomology of the short exact sequence 

^siB^j) ffs{.H) ffA,,{.H) 

we have that h^{&s{H)) = h^ffA,^{H)) ^ 1, since h^{<ffs{Bij)) = and h°{ffs{H)) = 6. Then Serre 
duality yields h^{i?Aij{H)) = h'^{ffAij{KAij — Aij)) = 1. Combining the latter with the adjunction 
formula, which states that KAi^ = {Aij + Ks)\Aij, follows that h'^{ffAij{Aij — Ks)) = 1. Then 
Lemma [5] applies and yields that ^Aij (H) ~ ^Aij ■ Another use of the adjunction formula gives us 
&A,,{H) ~ ^A.,(^ij + Ks). Twisting the latter with eA,,{-A,j - Ks) we obtain ^A^^iBij - Ks) ~ 
^A,^ {AL-E1-E2-F1- ...-Fij- E, - Fj) ~ ^A,, for aU i,j. □ 

Lemma 21. The divisors L — Ks + Fj are effective on S , for all j . 

Proof. Without loss of generality, we may assume i ~ 2. Let Aj := A2j and Bj := B2j. Due to Lemma 
[50] we have the following short exact sequence 

&s{B, -Ks- A,) ffs{B.j - Ks) ^a, {B^ - Ks) ^ 

Twisting the sequence above with ffs{E2 + 2Fj), we get 

ffsi-L + El) 6's{L-Ks + F,) Ga, {E2 + 2Fj) 0. 
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Note that h°{^s{~L + Ei)) = due to the rationahty of S. Furthermore, we claim that h^{&s{-L + 
El)) =0. The latter can be seen by taking cohomology of the short exact sequence 

&s{-L + El) ^ — > ^L-E, 0. 

Since S is rational, we have = 1 and h'{ffs) = for i > 0. Combining x{^l~e^) = 1 

with h^i^L-Ei) = PaiL - El) = we obtain hP{ffL-Et) = 1- Then we have h^{(ffs{-L + Ei)) = 
h^{^s) ~ h^{^L-Ei) — 0. In particular, this means that 

/i°(^?5(i ~Ks + F,)) = h''{ffA,{E2 + 2F,)) 

by the second to the last sequence above. Next, we claim that 6'A {Fj) ~ for all j. This can be 
seen by taking cohomology of the short exact sequence 

^ ^A, Ga, (Fj)^.^ ^0 

where ^ is a zero-dimensional scheme supported on Aj n Fj. Since Aj.Fj — 0, we get h°{^) = 0, by 
taking Euler characteristics of the sequence above, such that ^Aj — [Fj) for all j. This implies that 
h°{ffs{L -Ks+Fj)) = h^[0A, {El)). Now we take cohomology of 

es{Ei - Aj) — ^ 0s{E2) &A,{E2) — > 

and note that h"{ffs{E2 - Aj)) = such that H"{^s{E2)) — > H^{&A^{E2)) is injective. Clearly the 
exceptional divisor E2 is effective on 5 such that h^{0'Aj{E2)) > 0. □ 

Denote Cj := L - Ks + Fj. Then 

Cj 4:L — El — E2 — Fi — ... — Fij -\- Fj 

are effective divisors on S, for all j, by Lemma [H] We are now ready to show how this implies that 
at least one of the open conditions 01-03 is false and thus proving the Proposition. The images of the 
curves Cj under the blowdown morphism tt : S — > are plane quartic curves passing through the 
points Xi,X2 and 16 of the points yi, . . . ,2/17. Bezout's theorem implies that every two curves 7r(C,;) 
and 7r(Cj) share a common component, since the points Xi, X2 and 15 of the points j/i, . . . , yn lie on 
the set-theoretic intersection 7r(Ci) H n^Cj), whenever i ^ j. In particular, this means that there exists 
a plane quartic passing through the points xi, X2,yi, ■ ■ ■ , yn which implies that the divisor 

C = 4:L-Ei~E2-Fi- Fi7 

is effective on the surface S. If the curve C is irreducible, then we are done due to the open condition 
03. So suppose C is a reducible curve on S. Now, suppose H is very ample. Then the complete linear 
system \H\ embeds C as a cubic curve due to H.C — 3. The irreducible components of the curve C 
are one of the following two cases: (1). Three lines. (2). A conic and a line. In the first case, by 
pigeonholing the points 19 points among the 3 lines, clearly at least one of the lines passes through 
at least 7 of the exceptional divisors which in turn contradict H being very ample, due to 01. In the 
second case, again by pigeonholing the points, it follows that either the conic passes through at least 12 
of the points or the line passes through at least 8 of the points, such that 02 or 01 would contradict 
the very ampleness of H. This proves Proposition [191 D 

4. Classification 

Let 5 be a smooth rational surface, such that i : 5 ^ P" is an embedding, and denote H as the 
divisor class on S associated to i*^pn[l). To achieve a classification we determine explicit expressions 
for H, whenever the degree = 11 of the surface and the sectional genus tts = 8. To do so we study 
the adjoint linear system \H + Ks\ on S instead and make use of a result, due to Sommese and Van de 
Ven, which states that \H + Ks\ almost always defines a birational morphism to some projective space. 
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Theorem 22. Let S be a smooth rational surface in P", let H denote the class of a hyperplane section 
of S and let Ks denote the class of a canonical divisor of S . Then the adjoint linear system \H + Ks\ 
defines a birational morphism 

onto a smooth surface Si and ip\H^j^^\ blows down {—l)-curves E on S such that 

Ks-E = -1 and H.E = 1, 

unless one of the following three cases occurs: 

(1) . S is a plane, or S is a Veronese surface of degree 4, or S is ruled by lines. 

(2) . (H + KsY — Oi which occurs if and only if S is a Del Pezzo surface or S is a conic bundle. 

(3) . {H + KsY > '^'^'^ S belongs to one of the following four families: 

(i). S = F(a;i, ..,X7) is embedded by H = 6L - 2Ei - . . . - E7 . 

(a). S = ..,X8) is embedded by H = 6L - 2Ei ~ . . . - 2Er - Es- 

(Hi). S ~ ¥'^{xi, ..jXg) is embedded by H = 9L — 3Ei — ... — 3Eg. 

Proof See [SV87) for a proof. □ 

A crucial difference between surfaces in and surfaces in P^ is that every smooth surface can 
be embedded into P^ through generic projection. In particular, this implies that we cannot expect a 
relation between invariants of a surface in P^ similar to the double-point formula of P**, see Example 
A4.1.3 in Har77j . which states that Ccodim(5,p<i) 

(^[P4) - {degSY = 0, when S C P''. The double-point 
formula for surfaces in P"* plays an important role since it completely determines Kg whenever deg^ 
and TTs are given. Since we are considering surfaces in P^, our strategy is to limit ourselves to finitely 
many possibilities for Kg, whenever we are given degS' and Trg. In the next result, we give an upper 
and lower bound for Kg and show some other generalities on the adjunction mapping. 

Lemma 23. Suppose H is very ample divisor on S and suppose ip^^j^i^^^ is a birational morphism onto 
Si . Then: 

(1) . if\H+Ks\ maps S intof^^'^. 

(2) . Trs-2-H.{H + 2Ks) < K^ < \{H.KY/H^] . 

(3) . {H + Ks).Ks, ={H + Ks).Ks 

(4) . ns,=T:s + {H + Ks).Ks 

(5) . If H.K > -2, then K^ <0. 

Proof. (1). Combine Riemann-Roch and the adjunction formula to get x{S, ^s{H + Kg)) — tts- The 
very ampleness of H and smoothness of S implies that H^{S, ffsiH -I- Ks)) — 0, due to the Kodaira 
vanishing theorem. Furthermore, H^{S, ffs{H + Ks)) — follows from the rationality of S. 

(2) . The upper bound for Kg is a direct consequence of the Hodge index inequality. The lower bound 
for Kg is obtained by noting that the non-degeneracy of S yields that codim(S', P'^^"^) + 1 < (H + Ks)"^. 

(3) . Note that {H + Ks).E = for aU (-l)-curves E such that Kg.E = -1 and H.E = 1. The equality 
now follows by recalling that 5*1 is obtained by blowing down every such (— l)-curves E. 

(4) . Apply the adjunction formula twice and then use Lemma 3. 

(5) . Ricmann-Roch yields that h°{ffg{-K)) ^ 1 + K^ + h^{&g{~Kg)) > 0. A curve C e\-Kg\ has 
Pa{C) — 1, such that the adjunction formula implies that H.C = —H.K > 2. □ 

To be able to determine the configuration of the points blown up to obtain a smooth rational surface, 
we will be needing the following result. 

Lemma 24. Let H and B be effective divisors on a smooth surface S and denote A = H — B . Suppose 
h^i&siH)) -f x{^s{A)) > 0, suppose h'^i^si^)) = and suppose H.B > 2pa{B) - 2. Then A is an 
effective divisor on S . 
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Proof. The result is clear if x(^s(^)) > 0, due to h^{ffs{A)) = 0. So suppose x(^s(^)) < 0. The 
assumption H.B > 2pa{B) — 2 implies that h^{l^B{H)) = 0, by Riemamr-Roch. Taking cohomology of 
the short exact sequence 

es{A) ffs{H) ffB{H) 
we obtain h^{&s{A)) > h^{&s{H)). Then h\^s{H)) + x{^s{A)) > implies that h°{^s{A)) > 0. □ 

We are now ready to prove the converse statement in Theorem [TJ 

Theorem 25. Suppose there exists a linearly normal smooth rational surface S of degree 11 and sec- 
tional genus 8 embedded in P^. If i : S ^ is an embedding and i*^p5(l) is the very ample line 
bundle associated to i, then the associated very ample divisor H of i* belongs to the following 

divisor classes: 



^s- 


Type 


H. 


-10 


[(4, 4 -2e); 21, 117] 


45 4 


(4- 


2e)F- 


- 2Ei 


-E2 




- Eis 




-9 


[(4, 5 -2e); 24, 113] 


45 4 


(5- 


2e)F- 


- 2Ei 




- 2E4 


-E5~. 


■ -En 


-8 


[(4, 6 -2e); 2^19] 


45 4 


(6- 


2e)F - 


- 2Ei 




- 2E7 


— Es — ■ 


■ — Eie 


-8 


[7;2Mi°] 


7L - 


2Ei 




2E7 - 


-Es~ 




En 




-7 


[9; 36, 22, 18] 


9i - 


3Ei 




3^6- 


~2E7 


-2Es 


-Eg-. 


■ ■ — ElQ 



Proof. We proceed with the proof in two parts. First part, we use Theorem [21] and Lemma [531 to 
produce divisor classes H belongs to. Second part, we show that all but the divisor classes stated in 
the Theorem cannot both be very ample and special. 



Part 1 of the proof. 

Let Si be a smooth rational surface and let ipi : Si ^ be an embedding such that ffsiiE^i) — 
(/?*^pn(1). Denote -ff^+i as the adjoint divisor of Hi on Si, that is i?i+i := Hi + Ki where Ki := Ksi- 
Furthermore, let ipi+i f\Hi+Ki\ whenever (pi+i is a birational morphism such that ipi^i{Si) :— S'i+i 
and TTi := ttjj^. The idea now is to use Theorem 1221 repeatedly to obtain sequences of birational mor- 
phisms 

J > Jl > J2 > • • • > JNq 

where each surface 5^+1 is embedded into P'^i^i due to Lemma 1 and Nq := min{i | tt^ < 5}. This 
will then allow us to produce the divisor class of H by determining the invariants {KQ,Kf, ...,K^^), 
deg{SNo) and Tr^Vo-i- Note that Lemma 1^2 and Lemma 1^5 yields that 

-11 <Ko < -1. 

Using Lemma[^4 we have tti = 11 + Kq such that iVo = 2 if and only if —11 < Kq < —6. Furthermore, 
it follows from Lemma [23] 3 that ff| = 23 + 3Kq + Kf. Suppose =0. It is then straightforward, by 
Lemma [2315, to check that {Kq, K^) takes the following values: 

(-10,7) (-9,4) (-8,1) (-7,-2) (-6,-5) 

By case 2 of Theorem [HI it suffices to check whether Si is a Del Pezzo surface or a conic bundle for the 
pairs {Kq,Ki) above. If S'l is a Del Pezzo surface, then the divisor class of Hq is of the following form 

Hq =6L - 2Ei - ... - 2Eg_j(2 - EiQ_j(2 - ... - Eq_p^2 . 

Then the adjunction formula implies that ttq = 8 if and only if (2) — (9 — Kf) = 8, that is — 7. So, 
if Si is a Del Pezzo surface then Hq is of type [6; 22, li'']. If S'l is a conic bundle, then 

Hi = 2B + aF - El - E^_ji2 
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for some a G Z>o, since Si has 8 — Ki sing ular fibres. Recalling that Ki = -2B + (e - 2)i^ + Ei 
it follows from Hi.Ki = 3 + Kq that 2a = 1 — 2e — — if^. Using the latter we reproduce Hq. 



[KlKl) a Type of gp 



(- 


-10,7) 


2 - 


e 


[(4,4- 


2e)2 






-9,4) 


3 - 


e 


[(4,5- 


2e)3 


24,113] 


(- 


-8,1) 


4- 


e 


[(4,6- 


2e)4 


2M9] 


(- 


-7,-2) 


5 - 


e 


[(4,7- 


2e)5 


210,15] 




-6,-5) 


6 - 


e 


[(4,8- 


2e)6 


213,11] 



Now suppose i/| > and —11 < Kq < —6. Clearly Hi docs not belong to any of the four families 
stated in case 3 of Theorem [22l since that would yield ttq < 8 or Hq < 11. Thus we may assume that 
ipi : Si — > 5*2 is a birational morphism and that ^2 is a smooth rational surface. Then Lemma 1231 2 
yields the following values for {KQ,Kf). 

(-11, if 2) (_8,2) (-7,1) (-7,0) (-6,0) (-6,-1) (-6,-2) 

Suppose Kq = —11, then 5*1 is a surface of minimal degree in P'' since deg(5i) — 6. This implies that 
Si is a Veronese surface or a rational normal scroll. If 5*1 is a Veronese surface then Hi = 2L, which 
contradicts Hq =11. If is a rational normal scroll then Hi = B + {a — e)F, where < e < a. Recall 
that every minimal degree d satisfies d = 2a — e by Corollary IV. 2. 19 in |Har77j . An exhaustion of the 
pairs (a, e) satisfying the latter relation yields no divisor classes Hq of degree 11. So we may rule out 
the case {-11, K^). 

For the six remaining pairs of {Kq,K^) we reproduce Hq by using classifications of smooth rational 
surfaces in P" for n < 4. In particular, when n = 4 then we use Alexander's list of non-special rational 
surfaces. Theorem 1.1 in |Ale88] . Then we get the following divisor classes of Hq when 5*2 C P^^^^i. 



(KlK'i) 


deg{S2) 




H2 




Type of Hq 


(-8,2) 
(-7,0) 
(-7,1) 


1 
2 
3 


3 

4 
4 


L 
3L 


-F 

— El — . . . — Eq 


[7;2Mio] 
[(5, 5)0; 29, 17] 
[9;3^2M8] 


(-6,-2) 


3 


5 


2L 


-El 


[8; 31, 210, 14] 


(-6,-1) 


4 


5 


AL 


— 2Ei — E2 — . ■ ■ — Es 


[9; 35, 25, 15] 


(-6,0) 


5 


5 


AL 


— El — ... — Eio 


[10; 41, 3^ 21, 16] 



This covers the cases —11 < Kq < —6. Note that if Kq > —5 then Lemma [23l5 applies, due to 
Hi.Ki > —2, such that we have Kf < — 1. Using Lemma[23l3 and Lemma [23l4. we see that A'o = 3 
occurs whenever —5 < Kq < —A. Now we consider the latter two values of Kq. Suppose H^ = 0. Then 
Kq <Kf < Kl and Lemma[23l2 yields the following possibilities for {K^,Kf,Kf). 

(-5,-1,-1) (-5,-2,2) (-5,-3,5) (-5,-4,8) (-4,-3,0) (-4,-4,3) 

If 5*2 is a Del Pezzo surface, then the adjunction formula yields that ttq = 1 + Kf + 2_ft'|. So ttq = 8 
occurs only in the case (-5,-3,5) such that Hq is of type [9; 3^, 2^, 1^]. If 5*2 is a conic bundle, 
then H2 = 2B + aF - El - . . . - Es_ji2 for some a G Z>o. Then H2.K2 = 3 + if ^ + gives us 
2a = 1 — 2e — Y^i Kf, so that we may reproduce iio- 
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a 




Type of i/o 


(-5, 


-1,-1) 


4- 


e 


[(6,8-3e)4;3«,l^] 


(-5, 


-2,2) 


3 - 


e 


[(6,7-3e)3;36,24,l3] 


(-5, 


-3,5) 


2 - 


e 


[(6,6-3e)2;33,28,l2] 


("5, 


-4,8) 


1 - 


e 


[(6,5-3e)i;2i2,li] 


(-4, 


-3,0) 


4- 


e 


[(6,8-3e)4;38,23,li] 


(-4, 


-4,3) 


3 - 


e 


[(6,7-3e)3;35,2n 



Suppose i?| > and —5 < Kq < —4. Clearly, Hq does not belong to any of the four families of case 
3 in Theorem 1221 So we may assume that 1^93 : 5*2 — > S3 is a birational morphism. By ruling out the 
cases when 1 < 7r2 < 3, we obtain the following possibilities for {Kq, K^, K2)- 

{-5,-A,Kl) (-5,-1,0) (-4,-3,2) (-4,-2,-1) (-4,-2,0) 

Suppose {Kq,Ki) — (-5,-4). Then ^2 is a surface of minimal degree in P^. If S2 is a Veronese 
surface, then H2 = 2L which yields that Hq is of type [8; 2^^, 1^]. If S2 is a minimal rational scroll, then 
H2 = B + {a — e)F where < e < a and 4 = 2q! — e. An investigation of the pairs {a, e) reveal that 
Hq = 11 is not true. For the remaining triples {Kq,K'1,K2) we may now reconstruct Hq. 



{KlKlKD deg(53) 7r2 H^ 



(-5,-1,0) 
(-4,-3,1) 
(-4,-2,-1) 
(-4,-2,0) 



L 
L 

s^ 

3L 



F 

-El 



Type of gp 

Po73^;2t;t^] 
[lo;3^2^ll] 

[(7,7)o;3io,2M2] 
Eq [12; 46, 33, 22,12] 



3 < i^i < -1 and Kl < Kj. Note that the case (-3,-3,ii:|) 



Suppose Kq = —3. Then we have 
satisfies 112 — 5. Furthermore, every other case satisfies i?2--f^2 > —2 such that K2 < —1. In particular 
this means that iVo = 4 whenever = -3. Suppose Hj = and = -3. Then {Kl,Kl,Kl,Kl) 
takes the following values. 



(-3,-2,-2,2) (-3,-2,-1,-1) 

If S3 is a Del Pezzo surface, then ttq = 5 + Y^i * ■ implies that none of the tuples above satisfy ttq = 8. 
If S3 is a conic bundle and H3.F — a, then 2a — 1 — 2e — Kf yields the following possibilites for Hq. 



(-3,-2,-2,2) 
(-3,-2,-1,-1) 



a Type of Hq 

"3^M(8;9^^4^);i4^;3^;TT" 

4-e [(8,10-4e)4;49,2i,li] 



Suppose i/| > and Kq = —3. Clearly, none of the four families in case 3 in Theorem[ 
may assume 1^94 : ^3 — > S4 is a birational morphism. Then we may reproduce -ffo- 



] occur. So we 



No 






deg(S'A'o) 




Hno 




Type of Hq 


3 


(-3, 


-3,-2) 


3 


5 


2L- 


Ei 


[11;4\3"',2^] 


3 


(-3, 


-3,-1) 


4 


5 


3L- 


E1-...-E5 


[12; 45, 3^ 22] 


3 


(-3, 


-3,0) 


5 


5 


4L- 


2Ei — i?2 — . . ■ 


-Es [13; 51, 47, 3\ 23] 


4 


(-3, 


-2,-1,0) 


1 


3 


L 




[13;49,3\2Mi] 


4 


(-3, 


-2,-1,-1) 


5 


5 


4L- 


2Ei — E2 — ■ ■ . 


-Es [16; 61, 5^42, 31, 21] 



It remains to consider the cases — 2 < Kq < — 1. First, suppose Kq = — 2. Then — 2 < < — 1 and 
if2 < X2 < —1. In the case (—2, —2, —2) we obtain 7r3 = 5, that is iVo — 4. In the remaining cases 
H3.K3 > -2 implies that K2 < K3 < -1 such that = = -1. In the case (-2, -2, -1, -1) we 
obtain 7r4 < 5, that is A^o = 5. The remaining case (-2,-2,-1,-1) yields that < < in which 
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case 7r5 < 5, that is A'o = 6. Next, suppose Kq = — 1. Then Hi.Ki > —2, ioi 1 < i < 5, which imphes 
that Kq = . . . = K5 = -I. It then fohows that iVo = 7. 

Suppose Hjf = and —2 < K'^ < —1, for the respective Nq above. Then we obtain the following 
choices for {Kq , . . . , Kj^^ ) . 

(-2,-2,-1,-1,-1) (-2,-2,-1,-1,-1,8) 

It is clear that Sno can not be a Del Pezzo surface for neither of the tuples above. If Snq is a conic 
bundle, where Hno-i-F = a, then by using 2a = 1 — 2e — ^ we may reconstruct Hq. 

No {Kl...,K%J a Type of gp 

~ (-2,-2,-1,-1,-1) I^^~^{Wj2^5e};^W;¥]' 
6 (-2,-2,-1,-1,-1,8) 4-e [(12, 10 - 66)3; 5^, 2^] 

Now suppose Hjf^^ > and — 2 < Kq < — 1. Clearly, none of the four families in case 3 in Theorem [22] 
occur such that we may assume ipNo '■ Sn„~i — > Sn„ is a birational morphism. Then {Kq, . . . ,Kff^) 
takes the following values. 

(-2,-2,-2,0) (-2,-2,-2,-1) (-2,-2,-2,-2) (-2,-2,-1,-1,0) 

(-2,-1,-1,-1,-1,-1) (-1,-1,-1,-1,-1,-1,0) (-1,-1,-1,-1,-1,-1,-1) 

Reconstructing Hq is each of the cases above, we obtain the following. 



No 


(K'^ 




-1) 




deg(5Aro) 


''^Na-l 








Type of Hq 


4 


(-2, 


-2,-2,, 


0) 




3 


5 


2L- 


Ei 




[14; 51,41"] 


4 


(-2, 


-2,-2,^ 


-1) 




4 


5 


3L- 


El-. 


■ ■-E5 


[15; 45,31] 


4 


(-2, 


-2,-2,- 


-2) 




5 


5 


4:L~ 


2Ei - 


E2 — . ■ ■ — Es 


[16; 61, 5^ 41, 32] 


5 


(-2, 


-2,-1,- 


-1,0) 




1 


3 


L 






[16; 5^ 41,21] 


6 


(-2, 


-1,-1,- 


-1,-1, 


-1) 


1 


3 


L 






[19; 6^,51, 11] 


7 


(-1, 


-1,-1,- 


-1,-1, 


-1,0) 


4 


5 


3L- 


El-. 


■ ■-E5 


[24;85,75] 


7 


(-1, 


-1,-1,- 


-1,-1, 


-1,-1) 


5 


5 


AL- 


2Ei - 


E2 — . ■ . — Es 


[25; 91, 8^71, 61] 



This exhausts all possibilities for Kq and therefore concludes the first part of the proof. 



Part 2 of the proof. 

The idea now is to show that every divisor class obtained in Part 1 of the proof, except the divi- 
sor classes in the statement of the Theorem, cannot simultaneously be both very ample and have six 
global sections on S. We show this by finding an explicit decomposition H = A + B, where A will be 
effective by applying Lemma [Ml and the numerical invariants of A will contradict Proposition [Jj 



Type of H. 


Type of A. 




Pa{A) 


H.A 




Pa{B) 


H.B 


[25;9^8^7l,6l]l 


[9 


3«,2^] 


1 


2 


4 








[24;85,75] 


[8 


35, 2^] 





1 


2 


3 


5 


9 


[19;6^5l,ll] 


[9 


38,22,11] 





2 


4 


2 


3 


7 


[16;5^4l,2l]2 


[6 


29,11] 





1 


2 


3 


5 


9 


[16; 61, 5^ 41, 32] 


[7 


31,210] 





2 


4 


2 


3 


7 


[15; 5^ 45,31] 


[5 


2^,1*^] 





1 


2 


3 


5 


9 
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i ype 01 li . 


iype 01 A. 






ii ./i 








[14;5\4^"] 


It. qi nlUl 

[7, 3 ,2 J 


U 




z 


q 


q 


A 

4 


Q 




[(12, 10 -6e); 5", 2 J3 


r/o 1 91 
[(2,2 - e); l-^J 


U 


1 

1 



Z 


q 
3 


5 


y 


[(10,12-5e);5'',2 J3 
[lb; ,0,4 ,1 J 


r/o 1 91 
[(2,2 - e); l-'J 


U 


1 

1 




z 


q 
3 


5 


y 


ro. 08 1 4i 
[o; z , 1 J 


U 




z 


4 




z 


q 


( 


ri Q. a9 q1 nl 1 11 

[13, A ,S ,2 ,1 J 


ro. 08 1 4i 
[o; z , 1 J 


U 




z 


4 




z 


q 


( 


[13; 5 ,4 ,3 ,2 J 


r^j. 08 1 4i 

[6; 2 ,1 ] 


U 




z 


q 
3 


q 
3 


A 

4 






[12; 45, 3^ 22] 


ff!. 08 1 4l 
[0,2 ,1 ] 


U 




z 


4 




z 


q 



( 


n 1 • /1 1 qio oil 

[11, 4 , d , /! J2,4 


[>?■ 1 101 


U 


1 
1 



Z 


q 





y 


r/Q in /i^A./i9 ol ill 
[(», lU - 4ej, 4 , , 1 J3 


r/o c^• 1 91 

[(2,2-e),l J 


U 


1 
i 




z 


q 






y 


[(8,y - 4ej,4 ,3 ,1 \2 
[12; 46, 33, 2^,12] 


Ifn q „\.ol l9l 

[(2, 3 - e), 2 ,1 J 


U 


1 
i 




z 


q 






y 


[0.08 1 4l 
[0, 2 ,1 J 


U 




z 


4 



Z 


q 



1 


[ll;42,38,2i,l2]4 


F/f.ol 1 121 

[4, 2 ,1 ] 


U 




z 


4 




z 


q 


I 


n n- q8 o5 1 11 
[10,3 ,2,1] 


F/l.ol 1 131 

[4, 2 ,1 ] 


U 




z 


4 




z 


q 


I 


ri n. o9 ol 1 41 

[10; 3", 2 ,1 J2,5 


n . 1 21 

[1; 1 J 


1 


u 


4 


U 


4 


7 


ro. 0I3 1 11 

[8; 2 1 ]2 


F/l . ol 1 121 

[4;2 ,1 ] 


U 




z 


4 


q 
3 


q 
3 


7 


[ / T ^\ . o5 o7l 

[(6,7- 3e)3;3°,2'J 

\/R Q 1n\ ■ q8 o3 1 11 

[(D, 8 - 3ej4, 3 , 2 , 1 J2 


r/o /I 3 , o4 1 81 

[(3,4- 26); 2 ,1'J 


U 




z 


4 




z 


q 
3 


7 


r/n 1 91 

[(2,2 - ej, 1 J 


U 


1 

i 



Z 


q 


r 




y 


[(6 5 - 3e)i-2^^ l^lo 


[(2 3-e)-li2l 





2 


4 


2 


3 


7 


[(6,6-3e)2;33,28,l2]2 


[(2, 3 -e); 112] 





2 


4 


2 


3 


7 


[(6,7-3e)2;36,24,l3]2 

[(6,8-3e)2;39,l4]2 

[9;34,28,l2]2,5 


[(2, 3 -e); 112] 





2 


4 


2 


3 


7 


[(2, 3 -e); 112] 





2 


4 


2 


3 


7 


[2; 15] 


1 





4 





4 


7 


[9;3^2^l5]2 







1 


2 


3 


5 


9 


[8;3i,2io,l4]2 


[4; 21, 112] 





2 


4 


2 


3 


7 


[8;32,2^l7]2,4,5 


[2; 15] 


1 





4 





4 


7 


[(4,8-2e);2",li]2 


[(2, 3 -e); 112] 





2 


4 


2 


3 


7 


[(4,7-2e);2io,l5]2 


[(2, 3 -e); 112] 





2 


4 


2 


3 


7 



Note that we have written subscripts on several of the divisor classes in the table above. Subscript 1 
means that combining ^(^^(A)) with the rationality of S imphes that A is an effective divisor contra- 
dicting Proposition m Subscript 2 means that the divisor A has to be chosen relative to the ordering 
i > j if and only if A.Ei > A.Ej. Subscript 3 occurs in three cases and means that A.Eg = 0. Subscript 
4 means that we have made a basechange PicFo — > PicP^ by embedding Fq as the smooth quadric 
surface in P'^ by a use of the Segre embedding. Subscript 5 means that Lemma [24] imphes that B is an 
effective divisor, since x(^s(-B)) = and H.A > 2pa{A) - 2. Then it follows from H.B > 2pa{B) - 2 
and A^ > 2paiA) - 2 that h^i^siH)) ^ 1 is false. 

Now we illustrate how one may use the table above to obtain a contradiction for every divisor class 
without subscript 1 or 5. For instance, if H is of type [24;85,75] then A is of type [8; 35,25] and B 
is of type [16; 51°]. Since xi^siA)) = and H.B > 2pa{B) - 2, Lemma [H yields that A is effective 
whenever H is special. But this contradicts Proposition H] since Pa{A) — 2 and H.A < 2pa{A). This in 
turn contradicts the very ampleness of H. 



Taking into account Theorem [7] and the lifting examples, namely Proposition [15] and Proposition I19[ 
this concludes the proof. □ 
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